Review of Partial Derivatives

Definition of Partial Derivatives. Let z= f(x,y)be a function. Then the partial
derivative of f with respect to x is defined as

of . f(x+hy) - f(x,
&Efx(x’y)zrm( y) = f(xy)

h
and the partial derivative of f with respect to y is defined as
of _ _ o f(xy+k) = f(xy)
—=f,(x,y) =lim
oy y(%Y) ) k

Partial derivatives may be computed algebraically; all of the same rules that applied to
regular derivatives also apply to partial derivatives. The only trick to remember
when taking a partial derivative is hold all other variables (besides the one
we are differentiating with respect to) constant.

2

Example. Let f(x,y) = X Then
1+y

d x? 11)(2_ 2X

f , = =
(%) KX1+y 1+yox 1+y

0 X2 o 1 0 4 =X
f(xy) = —=x2 = x?—(1+y)

dyl+y dl+y oy (1+y)

Example. Find the partial derivatives of f(x,y) = y2e

f(xy) =2 (yzesx) y ;(( ) V2 363 = 3,263

0 (. 2\ _ 3x 3x
fy(xy) = —(y’e™) =e¥ —(y?) =e™ 2y =2ye
y (9)/( ) gy( )
x2y®
Example. Find the partial derivative of f(x,y,z) = ——
z
293
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Second Order Partial Derivatives

We define higher order partial derivativesin much the same way aswe did in single-variable
caculus.

Pt o
O ax2 ax Dox

_9%f _ o fO

f =2 _ ==

W= ay? ~ oy toyH
With partial derivatives, we can also combine the variables, so there are more derivatives at
each order. For example, we can differentiate fy with respect to y and we can differentiate

fy with respect to x:
o Df0_ 0°f
Y ox %Ty% axay

' Oy%Q Ayax

We can, of course, combine higher order derivativesin any order we like. For example:
_0 900t _ o'
O X Ox By OX - 92xdydxX
;Lfgg?]r.e not as many partials as you might think, however, because of the following

The order of the partials can be reversed: | fy, = xdy ayx

Example. Find all the second-order partial derivativesof f(x,y) = xy2 +3x%e” and show
that f,, = fyx by taking partialsin both orders.

f,=y*+6xe’ O fz 6¢, f ai(y2 + 6xey) =2y +6xe’
y

yx
fo=oxy+3x%¥ O f= 2% 3x%, f.= a( +3 y) +6xe¥ = f,
y = 2%y 8 b o, 2xy +3x%e | = 2y +6xe

Example. Repest the above examplefor f(x,y) = xe’
fk=¢ 0 fig 0, fz &

Y — y — oL
fy—xe O ny xe’, fXV e fyx
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Chain Rule
If z(t) = f(x(t), y(t)) thenthechainruleis
& _ o ax o &y

dt oxdt odyadt

In generdl, if zisafunction of any number of variablesx(t), y(t), z(t), w(t), ... , eachof
which can be expressed as afunction of only t (and not of any other parameter),

d _ofdx of dy of dz of dw
— (XY, ZW,.) = T ——— 4
dt oxdt odydt ozdt ow dt

Example. Suppose f(X,y) = xsiny, where X =t2 and y =2t +1. Then by thechainrule

we have
f'(t):ﬂ%J,ﬂﬂ

ox dt oy dt

0, . d ( 2) 0, . d

= —(xsny)—(t“ ]|+ —(xsiny)—(2t +1

5 XSny) 4 ay( Y) 5 (2D

= (siny)(2t) + (xcosy)(2)
= 2tsin(2t +1) + 2t cos(2t +1)
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Vector Products

There are two types of products between vectors, one of which produces a vector and the
other produces a scalar

*» The dot product v W [,  scalar
 The cross product V x w [I3-  vector
The Dot Product is defined geometrically 2]

V W = v|wjcos6

where g is the angle between the two vectors as shown in the
figure. Algebraically, if

Viv +jv, +kvg and W =iwg +jw, +kwy
Then VIW=wWI =vwy +VoW, +V3Wg
Example. Supposethat G =3 +4] +5k and Vv =7i +8] +9k
Then G LW = (3)(7) +(4)(8) +(5)(9) =21 +32 +45 =98
Properties of the dot product
1. viw=wiy
2. v[aw) = (av) W = a(V (W)
3. (V+0)W=v0ON+d M
4. vand ware perpendicular only if VW =0.
The Cross Product

The cross product is aproduct between vectors that resultsin avector. It isdefined asa
vector with the following properties:

 lItslengthisequal to |V x W| = |V|wisin@
» directionis perpendicular to the plane that contains v and w

* lItsorientation (up vs. down) isaccording to the right hand rule

Right-Hand Rule: Place U and v so that their tails coincide and curl the fingers of your right
hand from through the angle from U to v. Your thumb is pointing in the direction of G x Vv

The cross product gives the area of the parallelogram formed by the two vectors:

/ £ '
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We can aso calculate the cross product algebraically from the components of the individual
vectorsif we use determinants.

i j k
o ~Vo V3 Vi V3| Vi V3
VXW={V  V, Vgl =i

+k

Wy W3 W, Ws W, Wi

Wy Wy W3

—

=1 (Vows = vaw, ) = J (v — vy ) + K (vyw, —vow)
Determinant of a Matrix

ma bg la b

e gH e d

=ad —bc

a b colla b ¢
e f d f
dettd e fl=|d e f|= -b .
0 O _ h
(g h i |g h i
=a(e — fh) —b(di - fg) +c(dh —eg)

Properties of the Cross Product

() wxv =-V xw

(4) U=V =0 if and only if the vectors are parallel (assuming that T,V # 0)
(5) i xj =k, | xk =i, k xi =] (cyclic cross products)

6) jxi ==k, kxj] =, i xk =5 (acyclic cross products)

(7) vxv=0

Vector Operators: Gradient, Divergence and Curl

The gradient of a function of three variables isthe vector

~0f -of -of
radf =0f(x,y,2E | —+ | —+k—
g (XY, ZF ™ Jay >

We can think of the gradient symbol [ asaoperator that behaves exactly like a vector with
the exception of the fact that it operates on the single item immediately to its right.

In this sense, we can think of O as vector version of ai

Specifically, O representsthe “vector” 0= | — + ] — + Kk —
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2
Example. f = xe¥ 2

Then
- = -0 -0 0 O
fit= 7 e +20= 9 It
0 H ax *) dy 0z 0
-0 2420, 7 0 +zD K0 +ZD
=79 Uy Y y
ox ot Oy% %

-2 - 2 .2
=ie¥ T +]2xye¥ "% +kxe¥ **
Since we are treating [1 “like a vector,” we can subject to all of the usua vector operations,
such as dot product and cross product. We will define the following operations using [

Operation Name of Operator | nput Output
O gradient scalar vector
N divergence (dot product) vector scalar
read as “del dot ...”
[k curl (cross product) vector vector
read as “del cross ...
IO or 02 Laplacian scaar scalar

read as “del squared ...”
Both the divergence and curl operate on vector functions. A vector function isafunction
F(x.¥,2) =TR(xY,2) + [Fa(xY,2) +KF3(xY.2)
where the functions F, F,, F; aredl rea vaued functions.

Example of aVector Function. F(x,y,z) = xi +(y X +Z)j +e5k

The Divergence Operator isdefined as“del dot avector function”,
H = e D" a |:| - - —
div F=F 9, —+k_ iF+|F +kF
Hox oy E[élu 3)
_Oh  OF O
ox oy 0z

Example. Find the divergence of F(x,y,2) = xi +(y2x +z)f +e*k

= §—+j—+k—5[€XI + y X+Z)j +e k)

axa_y
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The Curl Operator isdefined as “del crossf”

— = = D“a T’a —>a|:| - - —
cul F=x F= O —+j—+k—x(iR +]jF, +kF.
H ox Jay azE(1 I 3)
i ]k
0 0 0|_-R oR0 .~$ 0RO, ~[0F, 0RO
=— — —|=i -—£0+ -—+k -—
ox 0y 0z an ZE : 0z OXQ E& yE
F K R

i j k
x| 9 90
0X oy 0z

2
e 2xy¢¥ 1

[ 20
-1 0 20 -0é 2 oy, -0 2. 0eY
ZIE___Z e 1o+ %ey -+ kp—[2xye’ |-——
ay az[xy ]EJ z OXQ %Tx[xy ] ay%
:|(O—0)+j(0—0)+kE§yey -2ye’ E:O

The Laplacian Operator isthe dot product of Owith itself, or the divergence of the
gradient. It is sometimes read as “del squared”.

sz(x,y,z): D]jE(af(x,y,z))

- . - . O
ox "oy 0z ox “ody o0zO
-0 -0 -~o0ldof -of -of(
=0 —+]—+k— —+j—+k—
Eax ay azE ox oy 625
0%f  9%f  9°f
x> 6y2 0z°

The Laplacian operates on ascalar and its output isa scalar.
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Polar Coordinates

In polar coordinates, instead of using the distances x and y from the origin to locate a point,
we use asingle distance r and an orientation angle with respect to the x-axis.

A

X=rcos@
- P
r y=rsing
6
>

The two coordinate systems are related to each other asfollows:

_ 2 2
X =r cosO r=Ax-t+y

y=rsin 6 =arctany
X

We can a'so define unit vectors F and 6 at any given point in space; they can berelated to
the cartesian unit vectors i and | from the following geometry.

_
Since dl the vectors shown are unit vectors, we observe that:
x component of f is coso; X component of 6 is —sind
y component of f is sing; y component of 6 is cos@
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Therefore
f =cos +sing
6=-sné +cosQA
Exercise: Find expressions for i and I intermsof f and 6.
Solution. Multiply the first expression by sin@ and the second expression by cos@
fsin@ =sin@cosd +sin® §
6cosf = —cosfsind +cos” §
Adding the two expressions,
fsin@+0cosf=sn’§g +cos? § =]
which gives an expression for I intermsof 7 and 6.

To get asimilarAexpronf ori, multiply the expression for by cosf and the
expression for 6 by sing,

f cos = cos’ 8 +cosOsing

fsin6=-sin®4 +cosOsin §
Subtract the bottom expression from the top,

fcosf-Bsinf=cos?d +sin @ =i
Summarizing the conversion expressions, we have

iA: fcose—(?sjne - i: cosei*jsinej ]

j =rsin@ +6cosO 6 = -sin@ +cosg
Example. Find an expression for the vector field F = 3xi + 4x2yjA in polar coordinates.
Solution.

F=3x +4x%y

= 3(r cosB)(f cos@ — Bsin §) +4(r cos B)%(r sin §)(F cos 6+ &in §

= 3rcos® & —3r cosOsin 86 +4r3 cos® Bsin & +4r° cos? Gsin’ 66

= (3r cos? 0 + 4r3cos® sin O)F +(4r3 cos? Bsin? 6 - 3r cosOsin 6) 6

=r cos 6(3 +4r2 cos@sin O)f +rcos@sin 6(4r2 cos 6sin 6-23) L2
Exercise: Recall that the gradient in two dimensions in cartesian coordinates is

Of (X, yF fg—f + Ig—f Find an expression for the gradient in polar coordinates, i .e., find
X y

the functionsg and h so that Of (r,0)= rg(r, O éh(r, 6). Hint: you must use the chain
rule and the expressions for transformation of coordinates.
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Exercise: Find an expression for the gradient Vf (x,y) = iAa—f + Ig—; in polar coordinates, i .e., find

oX

the functions g and h so that Vf(r,0) =rg(r,0) + éh(r,@).
Solution: From the chain rule,
of of or af 00 and 28 of _of or af 00

X or ax 96 Ix ay ar ay 26 ay

So we need expressions for or /9x, dr /dy, 96/9x, 96/dy. Butsincer? =x>+y
we have by implicit differentiation that

2

ooy o L _X_TO0_
oX oxX r r
2rﬂ:2y = ﬂ:X:rgi—nezsine
oy ay r r
To get the partial derivatives of 6 with respect tox andy we use 6 = tan >(y/ X)
96 _ 1 (—y)_ -y -y -rsinf -siné
ax 1+(y/x2\E) xZ+y2 2 2
290 1 11 x _rcosf _cosé
8_y_1+(y/x)2(;)_x+y2/x_x2+y2_ 2

Therefore
of of or of 060 o5 of sin@ of

X orox a8ox T 99
of of or of 96 .nea_f+cost98_f

=9
dy ardy 200y Y.
Thusthe gradient is

~of  -of
Vi —
(X,y) = 'a +Jay

= (f cosf — Gsne)(cosea—f—s'—nea—f) +(rsn6+9cost9)(smea—f
or r 06 or

:fcoszea—f—F—Cosesnea—f—ésnecosea—f+ésn 0 of
or r 00 ar Y

+ Fsinzea—f+f—snecosea—f+écosesn98—f écoszea_f
or r 00 or r do

of  ~sin®@ of LN Oa_f écoszea_f
or r 06 or r 0o

~ ' 2
:r“(cosze +sin Gaf) B[Sm 98_f+c05208_f]

or or r o6 r 96

O (oot antel gl
=f—(cos’6 0)+6-—
rar(co +3n )+ y
_pf Lot

or roeé

(sin29 + cos? 0)
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Elliptical geometry

Consider an ellipse centered at the origin whose semi-major axis a is aligned with the x-
axis and whose semi-minor axis b is aligned with the y-axis, asillustrated in the following
figure.

Foci

Geometrically , an ellipse is defined as the locus of al points such that the sum of the
distances from two particular points, the foci (singular: focus) isaconstant, i.e.,

tp+dy=C 1)

in the following figure.
P
d2
d1

The eccentricity, e, is defined so that each focus lies a distance ae from the origin.
By symmetry, when P lies aong the x-axis, we see that
0y +dp=C=2a )

Similarly, when P lies dong the y-axis, we have dj = do, and hence by (2) the distance
from each focus to the intersection of the ellipse with the y-axisis a, asillustrated below.

.

P when it lies on the
y-axis
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By the Pythagorean theorem, we have

a? =b? +a’e? (3

Subtracting b2 from both sides of the equation,
22 _p2 = 2262

Solving for the eccentricity,
2 .2
2_a-b _ 2
e” = 2 or e=+1-(b/a) )

Equation (5) is sometimes taken as the definition of the eccentricity.

Now lets consider a second coordinate system, this one with origin at one of the foci. We
will arbitrarily pick the focus on the right. We want to find an equation for the élipsein
polar coordinates about this focus.

f

(z<<*
'

We will do this by constructing the triangle illustrated in the following figure.

2a-r

i

By the law of cosines, we have

(2a— r)2 =2+ (2ae)2 —2(r)(2ae) cos(r — 6) (6)
Using the fact that cos(w — 68) = —cos@ and expanding all the squares,

4a? — dar +r2 =r2 1 4a%? + daer coso (7)
Canceling the common term of r2 on both sides of the equation gives

4a® — dar = 4ae? + Aaer cosh (8)

Equation (8) has a common factor 4a which can be factored and then canceled, giving
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a—r=ae +er cosh 9)

Collecting all of the terms that contain an » on the left hand side of the equation and
collecting the remaining terms on the right hand side of the equation gives us

—ercosf-r=ae’—a (10)
Solving for » we have
a(l- e2) p
r= = (11)
1+ecosf® 1+ ecosO
The quantity
p:a(l—ez) (12)

is called the semiparameter of the ellipse. From equation (11) we see that when 8 =7 / 2
we have r = p, as illustrated in the following figure.

l\\

a
b p

<—ae
<—Q

Using similar arguments, and taking advantage of equation (5), it is thence possible to
derive the usual equation of an ellipse,
2 2
o+ds=1 (13)
a“ b
where x and y are asillustrated in the figure following equation (5), although this derivation

is somewhat lengthy algebraically. Equation (13) isamost never used in the study of
Keplerian motion; instead, equation (11) is taken as the standard equation of an ellipse.
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Newton’s Law of Gravity Leads to Elliptical Orbits

According to Newton’s Law of Gravity, two force between two bodies of massm, and m,
is proportional to theinverse of the square of the distance between them, is attractive, and is
exerted on the line between them. Put algebraicaly, if the two bodies are at positions r and

I, respectively, then the force on the first body is given by

., G n—r G n-r

=~ CMM A=l _ mlqu(ﬁls 2) @
] - -

while the force on the second body is given by anidentical equation with the indices

reversed,

G H-f G -1
mpry= - MM o0 _ mlqu(ﬁ23 1) @
fo — 1 2 -1 -

The number G isaconstant, call Newton’s Universal Gravitational Constant. The second
fraction in the center term of equation (1) represents avector pointing from > to ¢, while
the corresponding term in equation (2) represents the same vector pointing in the opposite
direction. Dividing the first equation by my and the second equation by mpgives

_, Gmp(f-r;
- SR @
n-r
_, Gmy(fh -1
=S @
-
Subtracting equation (4) from equation (1),
., -, Gmp(h-r) Gmn - G(mp + n-r
g fi‘z({ 32)Jr ”31(% 31):_ (mzq ”‘{)(31 2) 5
RP] -T2l Pl
If we define anew vector
F=f—h (6)
then equation (5) becomes
o= Glm + )t -
r
It istypical to define the constant
p=G(my +mp) (8)
When we are dealing with an artificial satellite orbiting the earth, we can take
My = Mggrth = 5.9742 x 10%%kg 9)
M) = Maatellite (10)

Typica satdllite weights range from =100 kg (light) to =10,000 kg (heavy), so we can
usually assume that
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11 = GMegrth = 3.986 x 101 m3 / sec? (11)
The fundamental equation of motion isthen

P =—pf /13 =—f /12 (12)
where 1 isaunit vector in the direction .
Taking the cross product of (12) with r gives

Y e LU R | R

rxr _rx(—r3 )_ r3r><r_0 (13)
because the cross product of avector with itself is zero. Furthermore, by the product rule,

%(FXF’)=FxF”+F’xF’:O+O:O (14)

where the first zero follows from equation (13) and the second zero follows because the
cross product of avector with itself is zero. Whenever the derivative of afunction is zero,

then that function must be constant. Thus equation (14) tellsusthat (F xr’) isaconstant,
i.e., it will not change asafunction to time. Such aconstant is called a constant of

motion; we will call this particular one h,

h=Fxr’ (15)

The constant his called the angular momentum per unit mass. Equation (15) is called
the Law of Conservation of Angular Momentum.

Taking the cross product of the fundamental equation of motion (12) with h gives

P x A= —pt g x (7 X F") =~ L5 7 x (F x ) (16)
r r

Using the vector triple product identity,
ax(bx¢)=(a-c)b-(a-b)c (17)
equation (16) can be rewritten as

=1y h u = Horro onz = \w/

r xh:—r—3r><(r><r)=—r—3[(r-r)r—(r-r)r] (18)
Since

FxF=r2 (19)
this becomes

=7 _'__ﬂ ey Py

r”xh= r3[(r rr—r r] (20)
By the quotient rule,

d(r\ rr’'=rr" 112, .

—| == =|rr’ —rrr’ 21

dt(r) r2 r3[ ] )
But
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f - "= component of QF parale to F = ar_ r’
dt dt

Thus (multiply equation (22) through by r)
F-r’'=ri-r’'=rr’
Using (23) in (21) tells usthat

%G) = r%[rzr' _F(F- r')]

Comparing (20) with (24) gives

Yy = d(r
r Xh:‘ua(?)

Writing r” = %F' equation (25) becomes
d ~ d(r
—r’|xh=u—|—

(dt )X H dt(r)

Since
axb=-bxa
for any two vectors, we can reverse the order of the cross product in (26)
-~ (d d(r
hx|—=r" |=—u—|—
(dt ) H dt(r)

Multiplying both sides of the equation by dt and integrating,
- (d d(r
hx|—r" |[dt=—|u—| — |dt

-[ (dt ) Judt(r)
Bringing the constants outside the integrals
~ d d(r

hx || —=r"|dt=—u|—|— |dt
J.(dt ) ujdt(r)
Since for any function f(t),
d
— f(t) [dt=f(t)+C
(S oo
or in terms of vectors,
d - - ~
—f(t) [dt=f(t)+C
(S o) o
Therefore we can evaluate the integralsin (30),

—ﬁxW:uL+C:¢{L+E]:4F+é]
r ru

where
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e=Clu (34)
isaconstant of integration. Reversing the cross product in (33),

Fxh= u[% + é] (35)
Taking the dot product of (35) with 1 is
(F’xﬁ)-F:,u[%+é]-r‘:u[¥+r‘-é]:,u(r+F-é) (36)

But from the definition of h (see equation 15),
(F’'xh)-F=(Fxi’)-h=h-h=h? (37)

where the first equality follows from the vector identity (ax b)-¢ = (€x a)-b. Using (37)
in (36),

h% = u(r +7 -8) (38)
Letting 6 be the angle between 1 and €, called the true anomaly, we have

h2 = u(r+7-8) = u(r +recose) = ur(1+ ecosb) (39
Solving forr,

2
__ e (40)
1+ ecosf

which isthe equation of an dllipseif eisthe eccentricity and the orbital semi-parameter is

p=h®/u (41)

Thefact that the orbit is an ellipse — which we have derived from Newton’ s laws of motion
to arrive at equation (40) — is sometimes called Kepler’ s First Law of Motion.

Since p=a(l- e2) equation (41) isequivaent to

a(l-€e?)=h2/ u (42)
or

h? = ua(l- €2) (43)

Equation (43) istrue at al points around the orbit; in particular, at perigee (6 =0) 1 is
perpendicular to 1, and therefore at perigee

where Vperigeeisthe speed at perigee. Using (44) in (43),
a?(1- &/*Verigee = h? = pa(1- ) (45)
Solving for the speed at perigee,
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pi-& _u (1—e)(1+e>:g(1+e) (46)

2
Vyigee = & ~+e
PO~ a1-g2 a (1-¢)? all-e

_|u [1t+e
Vpaig%—\Ewll_e (47)

By asmilar argument, the radius vector and velocity vector are aso perpendicular at apogee
(which occursat 0 =180°, leading to

u 1-e
V. =, |=./— 48
apogee allte (48)

When the eccentricity is zero, the orbit is precisely circular, and

Veircular = \/g (49)

Thus
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Motion in the plane of the orbit

The motion of asatellite moving in an elliptical orbit isillustrated in the following figure.
By definition, the motion is counter-clockwise. The x-axis and y-axisin the figure

correspond to the P and Q axesin the PQW frame

Ay @©Q
~ Focus
Eccentric
Anomaly Satellite
—
Center of orbit /
a
r
E 0 >
ae x (P)
_/
a a True
< > Anomaly
/

Two special angles are defined, 6, the true anomaly, and E, the eccentric anomaly, as

illustrated in the figure. The x and y coordinates of the satellite in this reference frame
are

X =T cosf
o 1)
y=rsiné@
In terms of the eccentric anomaly,
acoskE = ae+ X 2
Solving for X,
X = a(coskE - €) 3
From the equation of an ellipse, we aso know that
2
(= a(l-e%) @
1+ ecos6O
Using the expression for cos@ = x/ r from equation (1) in equation (4),
2
(= a(l-¢e%) ()
1+ex/r
Cross-multiplying leads to
r+ex = a(l—e?) (6)
Solving for r,
r = a(l- e?) - ex (7

Substituting equation (3) into equation (7)
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r=all- e2) —ea(cosE - e)
2 2

=a—ae” —aecosk + ae (8)
=a—aecosk
= a(l- ecosE)
By the Pythagorean theorem,
r2=x%+ y2 9
so that we can solve for y to get
y= r2 _x? (10)

Using the last line of equation (8) and equation (3) in equation (10) and simplifying,
y= \/az(l— ecosE)2 — az(cosE — e)2

= a\/(l— ecosE)2 — (coskE — e)2

= a\/l— 2ecosE + e2 cos2 E- 0052 E + 2ecosE — e2
=a\/1+ % cos? E - cos? E — €2 (12)

= a\/l— cos? E + ez(cos2 E-1)

= a\/(l— e2)(1— cos? E)
=avl- e? snE

because, in the last line, 1— cos? E=sin?E.
Summarizing, the coordinates of the satellite in terms of both the true and the eccentric
anomaly are

r = a(l- ecosE)

X =r cosf = a(CosE —€) (12
y=rsinf = a(l—ez)”zsinE

Differentiating with respect to time,
dx _d de

= —[a(cosE - €)]=—asnE— 13
dt dt[ ( ) dt (13
d—yzi[a(l—ez)llzsin E]: a(l—ez)]chosEE (14
glt ?jt g dt
r . E
— =—[a(l-ecosE)|=aesinE— 15
dt dt[ ( ) dt (13)
From the defiition of angular momentum,
B P Q W
h= Fx%: a(cosE—¢) a(l-e)Y2snE 0 (16)
—asin Ed—E a(l—ez)ﬂ2 cosEE 0
dt dt

Expanding out the cross product,
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ﬁ:[az(cosE—e)(l—ez)ﬂzcosEC:;tz+a (1-e )ﬂzsanzﬂW

=a (1 e )]J2 E[(cosE €)cosE +sin E]W
(17)
- a%(1- ez)ﬂz(il—t[cog E —ecosE +sin E]VV
=a (1 e )]J2 dE [1- ecosE]W
Thus
5 2
h“=h-h=a (1 e )( ) 1- ecosE) (18)
In an earlier lecture we found that
al-e%)=p=hZ/u (19)
or equivalently,
h? = ua(l- €?) (20)
Equating the two expressions for h2 (equations 18 and 20),
2
ua(l- e2) = a4(1— ez)(c;_lti) (1-ecos E)2 (21)
Canceling common factors
2
u= a3( C;E) 1- ecosE) (22)
Dividing by a’ and taki ng the (positive) square root,
\F =(1- ecosE)— (23)

3/ 2~
If we multlply across by dt and integrate, from the time of perigee (time Tperigee), to
some later time T, at which point the eccentric anomaly is assumed to be E, we have

Er
—A75 dt = 1-ecosE)dE 24
a3/ 2 J-Tperi gee J-o ( ) (24)

Evaluating the integrals,

. E .

%(T—Tpe”gee)z(iz—esn E)g" =Er —esinEy (25)
Using the usual notation of alower caset for timeand E = E(t) be the eccentric
anomaly,

n(t—Tp)=E-esnE (26)
where

_ A

n= 32 (27)
is called the mean motion.. Rearranging equation (26),

t—Tp = % (29)
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If welet T bethe period (or more technically, the anomalistic period) of the orbit, i.e.,
thetime it takes for the satellite to go from one perigee to the next, then in equation (28),
t=t-Tp and E=2r, so that

_2m—esn2r _ 2rn

TTh T *)
Solving (29) for n=2x / T and substituting it into (27),

2n Ju

L n= N 30

. 32 (30)
Cross multiplying,

2ma®? = .Ju (31)
Squaring equation ( 31),

an?al = 124 (33

which is sometimes call Kepler’s Third Law of Motion: that the square of the period is
proportional to the cube of the semi-major axis.
Equation 26 is sometimes used to define athird angle, M, the mean anomaly, as

M=n(t—-Tp)=E-esnE (34)
It isimportant to remember that the Mean Anomaly while it has units of radians, has no
geometrical meaning in terms of the picture of the elliptical orbit. What it does haveisa
physical meaning, given by the first equality of equation (34), that by definition,

M=n(t-Tp) (35)
The mean anomaly is the equivalent angle that a satellite with the same semi-major axis,
but moving in acircle, would move through, in the same amount of time that the satellite
moves through an eccentric anomaly E starting at perigee. This construction is very
useful because M increases linearly with time. Dropping the middle of equation (34) we
have Kepler’'s Equation,

M=E-esnE (36)
Using equations (35) and (36) it is possible to predict the position of the satellite at any
timet asfollows:

(1) Use (35) to compute M

(2) Given M, solve (36) numerically for E.

(3) Given E, use equations (12) to determine x and y in the PQW frame

(4) Use a coordinate transformation to convert back to the XY Z frame
Step (2) isthe only difficult part because equation (36) can not be solved analytically for
E. The most common method isto use Newton’s Method to find the root of

f(E)=E-esnE-M (37)
According to Newton’s method, we first make an educated guess, call it Ep, and then
proceed to compute better guesses as

f(En—
En=En-1- M (38)
f'(En-1)
Differentiating (37), this means
E = Enq— En—1—-esnE,_1-M (39)
1-ecosE,_1
A relatively good first guessisto use
Ei=M (40)
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The Vis-Viva Equation
The potentia energy for asatellite of massmin aplanetary gravitationa fieldis

Epotential =~ Gl\r/lm = —'uTm (1)
where M isthe mass of the planet and u = GM. Thekinetic energy is

Exinetic = %sz )
where V isthe speed of the satdllite, i.e., V2 =F".F or V= || (3)

By the law of conservation of total energy, the sum of the kinetic and potential energies
does not change as the satellite moves about its orbit:

1
2
What thismeansisthat if r; and \j are the position and speed of the satellite at one point of
the orbit, and if rp and Vb are the position and speed at a second point of the orbit, then

1 \2_Hm_ 1mV2 Hm (5)
1 2 )
Canceling out the common factor of m,

Epotential + Ekinetic = “mv2 - ,ur = Constant (4)

lvz_ﬁzlvzz_ﬂ (6)
2 n 2 ro

This equation istrue for any two points we choose along the orbit. If welet the position
and speed at point 1 ber and V (instead of r; and V), and if we choose point 2 to be
perigee, then equation (6) becomes

1y2_H_1 M 7)

V erigee —

But we know aready that

l1+e
Iperigee = a(1-€) and Vperigee=\/gqllfe 8,9

Substituting equations (8) and (9) into equation (7),
1V2 H_ lul+e u (10)

2 r 2al-e a(l-—e)
Factoring out the common u / a(1— €) on the right hand side of (10)

%Vz_%_a(lu e)[ d+ )_]z (1ue)[; g_ﬂ % ()

Solving for v2 wefind that
2 2 1)
Ve=ul—-= 12
o(2-1 (12
Equation (12) is called the Vis-Viva Equation.
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Rotation Matrices
Consider arotation of the coordinate axes of the x-y plane about the origin by an angle 6.

We are interested in finding the coordinates (x’,y’) of a point as measured in the new
coordinate frame.

7 axis

X axis

We determine the transformation by the following constructions:

A .
. y axis
Yy axis
yb— e F
s S WX axis
~ N\ X7
- AN
- B G \E
y \
N\ 5 )
Cx X axis >

The new x-coordinate is

X" = AB+ BF D
The old x-coordinate

x=AC 2
By definition of the cosine,

cosf = AB = AB 3

AC X

so that

AB = xcos6 4
Thus (use4inl)

X" = xcos6 + BF (5)
Consider theright triangle ACG. Then because all of the anglesin atriangle sumto r,

angle AGC=n/2-6 (6)
Thusin theright triangle BCG

angle GCB=rn/2-angle(AGC)=n/2-(n/2-6)=06 @)
Since BCisparale to PD

angle(EPC) = angle(GCB) =6 (8
From triangle EPC,
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snf=—=—=— 9
PC vy y
Thus
BF = ysin® (10)
Substituting ( 10) into (5),
X" = xcosf + ysing (12)

Exer cise: Show that
Yy’ =ycosf — xsin@ (12

Combining equations (11) and (12) we have
X’ B Xcosf +ysing _( cosb sind \( x
y'] \ycosd-xsing) |-sin@ coso \y
The matrix
coso sine)

R(8) = :
—sn@ cosf

is called arotation matrix.

Exer cise: Using a geometric argument, what is the rotation matrix that gives (x,y) in

X X’
termsof (x’,y’), i.e, try tofind S so that (y): S(y,)?

Exercise: What is R(O)R(-0)
Exercise: Whatis R™! (theinverse of R(9))?

Now consider apoint P = (x,Y,2z) in 3-dimensional space. Suppose we rotate the x-y
plane around the z-axis by an angle g and call the new coordinates (x’,y’,Z"). Sincewe
are rotating about the z-axis, the value of z does not change, and the values of x” and y’
are exactly the same as the ones we calculated above! Hence

X" = xcosf + ysing

y’ = ycos6 — xsinf

We canzalsof/vrite thisin matrix form as
X’ cos® sin@ 0)x X
y [=]—-sin@ cos® Ofy|=R(0)Yy
zZ 0 0 1)z Z
where

cos® sn6é O
R,(6)=| -sin@ cosf O
0 0 1
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isthe rotation matrix for an angle 6 about the z axis.

Exer cise. Convince yourself that the rotation matrices for rotations about the x and y
axes are given correctly by
1 0 0

R(@)=[0 cos6 snb
0 -sin@ coso
cosd 0O sind

R@)=| 0 1 0

—-sin@ 0 cosf

Now consider the effects of compound rotations; suppose that we first rotate by o about
the z axis,

’

X X
Y |=R(a)y
zZ Z

we then rotate by 3 about the x” axis, giving us athird set of coordinates (x”,y”,z”).

4 ’

X X
Y [=Re(B) Y
Z// Z/
What is the relationship between the first and third set of coordinates?
X" X’ X
Y |=Re(B) Y |= Re(B)R(e)| Y
z’ z z

In general, the rotation matrix for aany sequence of rotationsis just the product of the
rotationsin the reverse order. Fortunately, due to atheorem by Euler, we rarely have to
multiply more than three rotation matrices together.

Euler’s Theorem.

(1) The most general rotation of arigid body (vector) with one point fixed is arotation
about some axis.

(2) Any sequence of rotations about the coordinate axes can be described by a single
rotation matrix which is the product of the individual rotation matrices.

(3) Any rotation can be described by a product of at most three rotations about successive
coordinate axes. The three angles are called Euler Angles.

Remark. There sequence of rotationsis not unique, i.e., you can get the same rotation in
severa different ways:

(a) A 3-1-3rotation: rotate by o about z, f about x” and y about z”

(b) A 1-2-3 rotation: rotate by o about x, " about y’, and y” about z”

efc.
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The Kepler Elements and the PQW Frame

It is necessary to specify an set of initial conditions to completely determine the trajectory
of an orbit. Since Newton’'s Law of gravity

dr F

mi T =4

at r
isasecond order differential equation in the position, we need to specify both the
position and velocity (i.e., both r(0) and r’(0) = v(0)). Since there are three dimensions,
we need to specify atotal of six parameters, i.e.,

X0, Y01 201 Vx,01Vy,0: V2,0

where F = xi + yf + 2K isthe position and V = vxf + vyf + vzlz isthe velocity (the
subscripts on the velocity refer to the components and are not partial derivatives).

Alternatively, it is possible to specify six other numbers that give the same information;
for example, we might give the information in polar coordinates.

It turns out that there is avery natural description of the orbit within the orbit plane, that
isgiven in terms of the three parameters a (the semimajor axis), e (the eccentricty), and 0
(the true anomaly). Furthermore, we can specify the orientation of the plane of the orbit
using three additional angles that we will define shortly.

The so called “Earth Centered Inertial” coordinate frame isillustrated in the following
figure.

A

zaxis
points from center of the earth
through the north pole

y axis

>

points from the
center of the earth
through the equator
so that xyz makes

a right-handed
coordinate system

X axis

points from the center of the earth through the equator at
a fixed start called “ thefirst point in Aries”
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In this coordinate system the x-axis points at a fixed spot in space called the first point in
Aries, and sometimes called the Vernal Equinox. Technically, the vernal equinox isa
point in time, and not a point in space. The reason for the this confusion is that the x-axis
points from the center of the earth to the sun at the time of the vernal equinox. At this
point in time, the sun is entering the constellation Aires (or it least it was some 3000
years ago when the constellations were named, it actually drifts with a period of around
24,000 years). It isusually easier to just think of the x-axis as pointing to afixed star
(which really doesn’t exist but we know where, or at least in what direction, it should be).

These axes (of the XY Z frame) are fixed in the center of the Earth but their directions are
fixed in space. That means that every point on the Earth (excepting the poles) rotate 360°
around the z-axis every day! Furthermore, athough the directions of the axes are fixed,
the center of the coordinate system is not, as it moves around the sun every 365 days.
Thusthe XY Z systemisnot really inertial (“fixed” in space) but is a moving coordinate
system. For thisreason it is called an Earth Centered I nertial coordinate frame—itis
sort of fixed — so long as we stay very close to the Earth. When we are dealing with
Earth orbiting satellites virtually no accuracy at al islost by treating this coordinate
system astruly fixed in space; however, when studying interplanetary trajectories, we
must account for the Earth’s motion.

The plane of the orbit intersects the Earth’ s equator at an angle i, called the inclination
of the orbit.

\_ .
zaxis

irection of

scending Node

The orientation of the orbit with respect to the XY Z frame is defined in terms of three
angles:

I, theinclination, the angle between the Earth’ s equation and the plane of the
orbit.

Q, theright ascension of ascending node, the angle measured in the equator
between the x axis and the intersection of the satellite’s orbit and
eguatorial plane as it moves from the southern hemisphere to the northern
hemisphere. This point of intersection is called the ascending node of the
orbit.
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, the argument of perigee, the angle measured in the plane of the orbit between
the ascending node and the perigee.

We can specify the initial conditionsin terms of the following set of elements:
(a, & i, Q, o, 0)
More commonly the mean anomaly is used instead of the true anomaly:
(a, & i, Q o, M)
Either of these sets of elements are called the Kepler (or Keplerian) Orbital Elements.
A new frame, called the PQW frameis defined in terms of these angles, as follows:

P points from the center of the Earth towards the direction of perigee, in the
plane of the orbit.

Q liesin the plane of the orbit and points from the center of Earth in adirection
90" advanced from the direction of perigee.

W points from the center of the Earth in a direction perpendicular to the plane of
the orbit in such away that the triad P,Q,W forms a right-handed
coordinate system, i.e., W=PxQ

This set of coordinate axesisillustrated in the following figure.

Azaxis
Direction of
Perigee

Perpendicular to gV
plane of the orbit

Qisin the plane of the
orbit 90° advanced '
fromP

Ascending Node

Although they are drawn in the figure with different lengths, the vectors P,Q,W areall
unit vectors. We can use the angles shown in the figure to determine the components of
the vectors P,Q,W in terms of the vectors i, ],k .

The easiest way to derive the coordinate transformation is via rotation matrices. To rotate
the x axis onto the P axis, while at the same time rotating the y axis onto the Q axis, and
the z axis on the W axis, we would perform the following three rotations, in succession:

(1) Rotate by Q about the z axis.
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(2) Rotate by i about the new x axis.

(3) Rotate by w about the newer z axis.

P i
Q = Ry (@) Ry (1) Ry(€2) I
W K
cosw Sho 0Y1 0
=|-snw cosw OO0 cosi
0 0 100 —sini
cosw Snw O cosQ
=|-sinw cosw O] —cosisnQ
0 0 1) snisnQ
COS® coSQ —Sin@ cosi SinQ
=| —sinw cos — cosm cosi SinQ
sinisinQ

Reading off each component, we have

sini | —sinQ cosQ O
Cosi 0 0 1
sinQ 0

0 cosQQ snQ O

L= =

cosicosQ)  sini

= =

—sinicosQ cosi

cosw SiNQ + Sin@ cosi cosQ
—SinmSinQ + cosw cosi cos
—sini cosQ

Ry = cosw cos 2 — sinw cosi Sin€2

Py = CcoS®wSiNQ + Sin® cosi cos 2

P, =sinwsdni

Qy = —SiNw Cos 2 — cosw Cosi SINQ2
Qy= —SiNwSiNQ + COS® CoSi cosQ

Q, =sini cost2

Wy =sinisinQ
W, = —sini cosQ
W, = cosi
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Recipes for Conversion of Orbital Elements
1. Cartesian = Kepler: Given 1, v, determine {a,€e,i,Q,w, M}

The alogorithm proceeds by following the numbered equationsin order. Some
additional text describes where these equations come frome

Eccentricity (€) In our proof that Newton’s law of gravity leadsto eliptical motion
we were left with avector constant of integration C that points from the center of the
earth towards perigee and has magnitude equal to pe

C=vxh-pul
;
We will usethisto define the eccentricity vector ,
1, =T
€=—(Vxh)-—
r
Then the algorithm to calculate the eccentricity is asfollows

(1) h=FxV
1, =T
(2) e==(WvVxh)y——
U r
(3) e=+ve-€é
Semi-major Axis (a) Sincethe orbital semi-parameter p satisfies

p=a(l-e’)=h?/pu
we can calculate the semi-major axis,

B
B a1

Inclination (i)Since theinclination is defined by either of the two (equivalent)
defintions as (a) the angle between the orhbit plane and the equatoria plane of the
earth and (b) the angle between the orbit normal and the z-axis of the ECI coordinate
system (i.e., the north polar axis), we conclude that since the angular momentum
vector h isperpendicular to the plane of the orbit , the inclination is also the angle
between the z-axis and angular momentum vector , so that

K-h=cosi R
where the “hat” symbol denotes a unit vector and k isthe standard unit vector
oriented along the z-axis. Therefore

A~

(5) i= cos‘l[%] where h=+h-h

Theinclination isaways chosen sothat 0<i < r,

Right Ascension of Ascending Node (€2). You should convince yoursdlf that the
following node vector points from the center of the earth to towards the ascending
node in the plane of the equator:

(6) i=kxh
and therefore Q isthe angle between i and the x-axis. Letting i be the usual unit
vector parald to the x-axis,
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A

(7) Q= cos‘{%) where || = VA - A
(8) If - I <0, Q— 27— Q (because the ArcCos function gives an angle
between 0 and rt; and if the line of nodes has a negative y-component, we

need to get an angle between nt and 2r.

Argument of Perigee (w). Since the argument of perigee is defined as the angle
between the line of ascending nodes and the perigeg, it is aso the angle between the
vectors i and €, and therefore
_qfn-€
9) w=cos | —
© )
(10) If 8-k< 0, w — 2n — w because the argument of perigeeis between
the angles of 0 and z only of the eccentricity vector isin the upper half
plane.

True Anomaly (0) The true anomaly isthe angle measured in the orbit plane from
perigee, thusit isthe angle between the vectors I and €:

(11) 6= cos‘l(e' ' )
er
(12) If 7-v>0, 8 — 21— 6 (convince yourself that thisistrue).

Eccentric Anomaly (E) Recall that in our derivation of Kepler’'s equation we
showed that
r = a(l- ecosk)
Also, the equation of an ellipseis polar coordinatesis
_a(l-¢€?)
~ 1+ecosh
Equating these two equations
1-€?
1+ ecosf
1-¢€? _1+ecosO -1+ e’ _ecoso + e

1+ecos®  1+ecos®  1+ecosd
cos + e
CosE =

~ 1+ecos@
Therefore
e+ cosé )

(13) E= cos‘l(
1+ ecosO
14 1f r<6<2r, E>2n-E

1-ecosE =

€ecosE=1-

Mean Anomaly (M). By Kepler's equation
(15) M =E-ecoskE
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2. Kepler = Cartesian: Given {a,e,i,Q,w, M} compute 1,V
(1) Determine E by solving Kepler’sequation M = E—esinE for E. By Newtons
method the procedure is:
Eo=M
¢ = something small like 107°

=0
Repest the following:
. —esing - M
e

1-ecosE;
I —>i+1

Until |E —E_y|<e
Eisthefina value of E; that you have calculated

(2) Compute the unit vectors P and Q along the axes of the PQW frame. From the
notes on Kepler Elements, these are defined as

Ry = cosw cos 2 — sinw cosi Sin€2
Py = CcoS®wSiNQ + sinw cosi cosQ

P, =sinwsini

Qy = —SiNw cos{2 — cosw cosi SiINQ2
Qy= —sin@wsSiNQ + CoSw CoSi cos 2

Q, =sini cosQ2
P=PRi +Rj+Pk
Q=QJ +Q,j +Qxk
(3) In our derivation of Kepler's equation we determined that
F = a(cosE —e)P + ay1-e® SinEQ
V= —ae(sinE) EP + av1- e? (cosE)EQ

To determine E we solve the expression that we had

£ —(1-ecosE)E
a

and therefore
. : Ju N ) N
V=-ae(snE P+ avl-e“(cosE
. ) a® 2(1— ecosE) ( ) a 2(1— ecosE)
-1 /E(—esinEl5+\/1—e2 cosEQ)
1-ecosE V a
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