Review of Partial Derivatives

Definition of Partial Derivatives. Let z= f(x,y)be a function. Then the partial
derivative of f with respect to x is defined as

of . f(x+hy) - f(x,
&Efx(x’y)zrm( y) = f(xy)

h
and the partial derivative of f with respect to y is defined as
of _ _ o f(xy+k) = f(xy)
—=f,(x,y) =lim
oy y(%Y) ) k

Partial derivatives may be computed algebraically; all of the same rules that applied to
regular derivatives also apply to partial derivatives. The only trick to remember
when taking a partial derivative is hold all other variables (besides the one
we are differentiating with respect to) constant.

2

Example. Let f(x,y) = X Then
1+y

d x? 11)(2_ 2X

f , = =
(%) KX1+y 1+yox 1+y

0 X2 o 1 0 4 =X
f(xy) = —=x2 = x?—(1+y)

dyl+y dl+y oy (1+y)

Example. Find the partial derivatives of f(x,y) = y2e

f(xy) =2 (yzesx) y ;(( ) V2 363 = 3,263

0 (. 2\ _ 3x 3x
fy(xy) = —(y’e™) =e¥ —(y?) =e™ 2y =2ye
y (9)/( ) gy( )
x2y®
Example. Find the partial derivative of f(x,y,z) = ——
z
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Second Order Partial Derivatives

We define higher order partial derivativesin much the same way aswe did in single-variable
caculus.

Pt o
O ax2 ax Dox

_9%f _ o fO

f =2 _ ==

W= ay? ~ oy toyH
With partial derivatives, we can also combine the variables, so there are more derivatives at
each order. For example, we can differentiate fy with respect to y and we can differentiate

fy with respect to x:
o Df0_ 0°f
Y ox %Ty% axay

' Oy%Q Ayax

We can, of course, combine higher order derivativesin any order we like. For example:
_0 900t _ o'
O X Ox By OX - 92xdydxX
;Lfgg?]r.e not as many partials as you might think, however, because of the following

The order of the partials can be reversed: | fy, = xdy ayx

Example. Find all the second-order partial derivativesof f(x,y) = xy2 +3x%e” and show
that f,, = fyx by taking partialsin both orders.

f,=y*+6xe’ O fz 6¢, f ai(y2 + 6xey) =2y +6xe’
y

yx
fo=oxy+3x%¥ O f= 2% 3x%, f.= a( +3 y) +6xe¥ = f,
y = 2%y 8 b o, 2xy +3x%e | = 2y +6xe

Example. Repest the above examplefor f(x,y) = xe’
fk=¢ 0 fig 0, fz &

Y — y — oL
fy—xe O ny xe’, fXV e fyx
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Chain Rule
If z(t) = f(x(t), y(t)) thenthechainruleis
& _ o ax o &y

dt oxdt odyadt

In generdl, if zisafunction of any number of variablesx(t), y(t), z(t), w(t), ... , eachof
which can be expressed as afunction of only t (and not of any other parameter),

d _ofdx of dy of dz of dw
— (XY, ZW,.) = T ——— 4
dt oxdt odydt ozdt ow dt

Example. Suppose f(X,y) = xsiny, where X =t2 and y =2t +1. Then by thechainrule

we have
f'(t):ﬂ%J,ﬂﬂ

ox dt oy dt

0, . d ( 2) 0, . d

= —(xsny)—(t“ ]|+ —(xsiny)—(2t +1

5 XSny) 4 ay( Y) 5 (2D

= (siny)(2t) + (xcosy)(2)
= 2tsin(2t +1) + 2t cos(2t +1)
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Vector Products

There are two types of products between vectors, one of which produces a vector and the
other produces a scalar

*» The dot product v W [,  scalar
 The cross product V x w [I3-  vector
The Dot Product is defined geometrically 2]

V W = v|wjcos6

where g is the angle between the two vectors as shown in the
figure. Algebraically, if

Viv +jv, +kvg and W =iwg +jw, +kwy
Then VIW=wWI =vwy +VoW, +V3Wg
Example. Supposethat G =3 +4] +5k and Vv =7i +8] +9k
Then G LW = (3)(7) +(4)(8) +(5)(9) =21 +32 +45 =98
Properties of the dot product
1. viw=wiy
2. v[aw) = (av) W = a(V (W)
3. (V+0)W=v0ON+d M
4. vand ware perpendicular only if VW =0.
The Cross Product

The cross product is aproduct between vectors that resultsin avector. It isdefined asa
vector with the following properties:

 lItslengthisequal to |V x W| = |V|wisin@
» directionis perpendicular to the plane that contains v and w

* lItsorientation (up vs. down) isaccording to the right hand rule

Right-Hand Rule: Place U and v so that their tails coincide and curl the fingers of your right
hand from through the angle from U to v. Your thumb is pointing in the direction of G x Vv

The cross product gives the area of the parallelogram formed by the two vectors:

/ £ '
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We can aso calculate the cross product algebraically from the components of the individual
vectorsif we use determinants.

i j k
o ~Vo V3 Vi V3| Vi V3
VXW={V  V, Vgl =i

+k

Wy W3 W, Ws W, Wi

Wy Wy W3

—

=1 (Vows = vaw, ) = J (v — vy ) + K (vyw, —vow)
Determinant of a Matrix

ma bg la b

e gH e d

=ad —bc

a b colla b ¢
e f d f
dettd e fl=|d e f|= -b .
0 O _ h
(g h i |g h i
=a(e — fh) —b(di - fg) +c(dh —eg)

Properties of the Cross Product

() wxv =-V xw

(4) U=V =0 if and only if the vectors are parallel (assuming that T,V # 0)
(5) i xj =k, | xk =i, k xi =] (cyclic cross products)

6) jxi ==k, kxj] =, i xk =5 (acyclic cross products)

(7) vxv=0

Vector Operators: Gradient, Divergence and Curl

The gradient of a function of three variables isthe vector

~0f -of -of
radf =0f(x,y,2E | —+ | —+k—
g (XY, ZF ™ Jay >

We can think of the gradient symbol [ asaoperator that behaves exactly like a vector with
the exception of the fact that it operates on the single item immediately to its right.

In this sense, we can think of O as vector version of ai

Specifically, O representsthe “vector” 0= | — + ] — + Kk —
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2
Example. f = xe¥ 2

Then
- = -0 -0 0 O
fit= 7 e +20= 9 It
0 H ax *) dy 0z 0
-0 2420, 7 0 +zD K0 +ZD
=79 Uy Y y
ox ot Oy% %

-2 - 2 .2
=ie¥ T +]2xye¥ "% +kxe¥ **
Since we are treating [1 “like a vector,” we can subject to all of the usua vector operations,
such as dot product and cross product. We will define the following operations using [

Operation Name of Operator | nput Output
O gradient scalar vector
N divergence (dot product) vector scalar
read as “del dot ...”
[k curl (cross product) vector vector
read as “del cross ...
IO or 02 Laplacian scaar scalar

read as “del squared ...”
Both the divergence and curl operate on vector functions. A vector function isafunction
F(x.¥,2) =TR(xY,2) + [Fa(xY,2) +KF3(xY.2)
where the functions F, F,, F; aredl rea vaued functions.

Example of aVector Function. F(x,y,z) = xi +(y X +Z)j +e5k

The Divergence Operator isdefined as“del dot avector function”,
H = e D" a |:| - - —
div F=F 9, —+k_ iF+|F +kF
Hox oy E[élu 3)
_Oh  OF O
ox oy 0z

Example. Find the divergence of F(x,y,2) = xi +(y2x +z)f +e*k

= §—+j—+k—5[€XI + y X+Z)j +e k)

axa_y
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The Curl Operator isdefined as “del crossf”

— = = D“a T’a —>a|:| - - —
cul F=x F= O —+j—+k—x(iR +]jF, +kF.
H ox Jay azE(1 I 3)
i ]k
0 0 0|_-R oR0 .~$ 0RO, ~[0F, 0RO
=— — —|=i -—£0+ -—+k -—
ox 0y 0z an ZE : 0z OXQ E& yE
F K R

i j k
x| 9 90
0X oy 0z

2
e 2xy¢¥ 1

[ 20
-1 0 20 -0é 2 oy, -0 2. 0eY
ZIE___Z e 1o+ %ey -+ kp—[2xye’ |-——
ay az[xy ]EJ z OXQ %Tx[xy ] ay%
:|(O—0)+j(0—0)+kE§yey -2ye’ E:O

The Laplacian Operator isthe dot product of Owith itself, or the divergence of the
gradient. It is sometimes read as “del squared”.

sz(x,y,z): D]jE(af(x,y,z))

- . - . O
ox "oy 0z ox “ody o0zO
-0 -0 -~o0ldof -of -of(
=0 —+]—+k— —+j—+k—
Eax ay azE ox oy 625
0%f  9%f  9°f
x> 6y2 0z°

The Laplacian operates on ascalar and its output isa scalar.
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Polar Coordinates

In polar coordinates, instead of using the distances x and y from the origin to locate a point,
we use asingle distance r and an orientation angle with respect to the x-axis.

A

X=rcos@
- P
r y=rsing
6
>

The two coordinate systems are related to each other asfollows:

_ 2 2
X =r cosO r=Ax-t+y

y=rsin 6 =arctany
X

We can a'so define unit vectors F and 6 at any given point in space; they can berelated to
the cartesian unit vectors i and | from the following geometry.

_
Since dl the vectors shown are unit vectors, we observe that:
x component of f is coso; X component of 6 is —sind
y component of f is sing; y component of 6 is cos@
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Therefore
f =cos +sing
6=-sné +cosQA
Exercise: Find expressions for i and I intermsof f and 6.
Solution. Multiply the first expression by sin@ and the second expression by cos@
fsin@ =sin@cosd +sin® §
6cosf = —cosfsind +cos” §
Adding the two expressions,
fsin@+0cosf=sn’§g +cos? § =]
which gives an expression for I intermsof 7 and 6.

To get asimilarAexpronf ori, multiply the expression for by cosf and the
expression for 6 by sing,

f cos = cos’ 8 +cosOsing

fsin6=-sin®4 +cosOsin §
Subtract the bottom expression from the top,

fcosf-Bsinf=cos?d +sin @ =i
Summarizing the conversion expressions, we have

iA: fcose—(?sjne - i: cosei*jsinej ]

j =rsin@ +6cosO 6 = -sin@ +cosg
Example. Find an expression for the vector field F = 3xi + 4x2yjA in polar coordinates.
Solution.

F=3x +4x%y

= 3(r cosB)(f cos@ — Bsin §) +4(r cos B)%(r sin §)(F cos 6+ &in §

= 3rcos® & —3r cosOsin 86 +4r3 cos® Bsin & +4r° cos? Gsin’ 66

= (3r cos? 0 + 4r3cos® sin O)F +(4r3 cos? Bsin? 6 - 3r cosOsin 6) 6

=r cos 6(3 +4r2 cos@sin O)f +rcos@sin 6(4r2 cos 6sin 6-23) L2
Exercise: Recall that the gradient in two dimensions in cartesian coordinates is

Of (X, yF fg—f + Ig—f Find an expression for the gradient in polar coordinates, i .e., find
X y

the functionsg and h so that Of (r,0)= rg(r, O éh(r, 6). Hint: you must use the chain
rule and the expressions for transformation of coordinates.
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