9.3.Improper Integrals: limits at +oo

An improper integral with limits at infinity is any integral in which one (or both) of the
limits is (are) either oo,

Example 1. f smxd I et 212m dx, f e*dx are all improper integrals with infinite

—00

limits.

DEFINITION. IMPROPER INTEGRALS WITH ONE INFINITE LIMIT. If the
following limits exist, the integrals are said to CONVERGE.

J.oof(x)dx = lim be(x)dx

j f(x)dx= lim j F(x)dx

a—>—oeo
If the limits do not exist, the integrals are said to DIVERGE.
IMPROPER INTEGRALS WITH BOTH LIMITS INFINITE:

f: f(x)dx = jio F(x)dx + j: F(x)dx

oo b b
Example 2. jo ¢dr= lim [ 'e™ dv= lim (—e_x)o = lim (~e 2 +1)=1
b—>o0 b—>o0 b—>o0

Example 3. Find f ln—xdx

Let u=Inx;then du=dx/x; x=1=2u=Inl=0; x=cc=u=Inc =00

b

2 2

oo b

j ln—xdx j udu = lim [ "udu = lim 2| = lim 2 = o (DIVERGES)

b—co b—>co 2 b—>oo

oo 2
Example 4. Find L xe " dx
Let u:—xz; du=-2xdx;x=1=2u=-1;, x=c0o=u=-—o0

o .2 b b
L xe X dx= j_ e’ (- du/2)——§ lim ”duz—l lim "

b——oo?~1 2p—s—o -1
=L im b e y=L
2 b%—oo 2€

Example 5. Find I
e xlnx

dx

Let u=Inx;then du=dx/x; x=e=u=Ine=1;, x=cc=u=Inc=00

I L= [ L= 1im nuf =Ineo=oo
e Xlnx 1 u b—o0
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Example 6. F indf n—zxdx
€ x

Let u=lnx=x=¢e"then du=dx/x; x=e=u=Ine=1; x=co=>u=Inco=0co
(Same as previous example). Then

oo b b
I h‘—xd - j (lnx)l B2 = tim [Cue™du= tim [ xe~Ydx
e 1t b—yeo”l b—eo

Integrate by parts. Let u =x, dv= e Ydx;then du=dx; v=—e "

- jlb(—e‘x )dx)

b b
lim | xe *dx = lim ((x)(—e_x)

= lim ( by~ ! +J xdx)
b—oo e
b
= lim ( b4 2 ! +(—e j
b—oo e 1
hrn( +1+—e b+l)
b—oo e e
= lim ( (1+ b)e —)
b—oo
2 _im b+1
3 poeo eP

The remaining limit is o/oc so we can use L’Hopital’s rule; the result is

b
lim xe‘xdng—1imb+1:3—1imib:3—0:3
bh—oo”l 3 bow e 3 bowe 3
Therefore 1—dx = %
e x
Example 7. Find dx
I \/1+x2
Letu:1+x2;du=2x;x=9:>u=82
o X bdul2 1 b 1 A2
j % _dx= lim —=—1imj w2y == 1im & —
9 J14 52 ho0o¥82 AU 2 ph—re0"82 2 bh—seel/2

= lim (vb - 82) =

b—>eo

Therefore the integral diverges.
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Example 8. Find J ﬁdx
+ X

2

Let u=1+x"; du=2xdx; x=5:u=1+52=26' X=o0o =y =00

[P =2 2 = L [ au= 1 tim (/=307
S (1+x%) 26y 2b—>oo 26 2 h—soo

1. ( 1 1 ) 1 1
=-_lim| 5 ——
6 b—\b" 26 6(26) ~ 105456
Example 9. The work required to escape from the Earth’s gravity is

W= j: F(r)dr

M
where a = 6378km is the Earth’s radius, F(x)=— G 2m is the force of gravity, M is the
r

mass of the earth, m is the mass of the rocket plus payload, and G is Newton’s constant of
gravity. Therefore

W= [ Fde= |  GM g = GMm| " r~2dr = GMm(=1/ r)f;
:—GMm(l—l): GMm
o a a

Example 10. Show that if gravity was 1/ r instead of 1/ r2 it would be impossible to
escape from the Earth’s gravity.

o GMm

W= j F(x)dx = j
= GMm(Inoo —In a) =

dr = GMmJ “Lar = GMm(In "

dx

Example 11. Find f
X+ x7

Using partial fractions, we write
11 _A+ B A(l+x)+ Bx

22 x(l+x) x I+x  x(l+x)

Equating the numerators gives
1=A(0+x)+ Bx

Setting x=0 gives A=1

Setting x=-1 gives B=-1

Therefore
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J.oo lzdxzro(é+ B )dx:_’.w(l—#)dx
I y4+x I \x 1+4+x I'{x I+x

= lim (Inx —In(1+ x))
b—>c0

b

= lim In
b—ow 1+x

1

= lim ln(i) — ln(L)
b—oo 1+5b 1+1
= lim [ln(ﬁﬂ

= ln{ lim ﬁ} =1n2
+1

b—yoo

Example 12. Find the volume of the surface of revolution obtained by rotating the curve
y=1/x,1<x <o around the x axis.

The volume element (illustrated disc) is
2V = mrldx = n(1/ x)*dx
Therefore the volume is

T

v=|" 2dx=ﬂjlmx_2dxzn(—l/x)|i°=7r(—;——):7r

I x
Example 13. Find the surface area of the surface of revolution in the previous example.

The area element is

dA = 2mrds = 27:( ! ) 1+ (dy / dx)* dx

X

where y=1/x. Hence dy/dx=-1/ x2 and therefore (dy/ dx)2 =1/ x*. Therefore

Math 150B — Spring 2002 — B. Shapiro Page 9.9 California State University, Northridge



4
dh=2T 11yt an =2 |2 g J 2T A
X X

X X
Therefore the total area is
=00 oo [e o] 4
A=["Taa= [T et ar=2n [T g
x=1 1 I
Observe that

1+x4>x4 = 1+x4 >x4

\/1+x4 x4
=

> =x
X3 )C3
Therefore
[, 4 21
o1+ oo .
A=2n[ Sdv> x| xdv=2m lim 2| =e

1

Thus the area integral diverges: the surface area is infinite!

The obvious conclusion from the last two examples is that if you turn this object on its
side, YOU CAN FILL IT UP BUT YOU CAN’T PAINT IT!
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