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Define the ìsmall distancesî

dx x x

dy y y
i i i

i i i

ª -

ª -
-

-

1

1

Then

P P dx dyi i i i- = +1
2 2 (1a)

We can factor the quantity in the square root,

P P dx dy dx dy dx dy dx dxi i i i i i i i i i- = + = + = +1
2 2 2 2 21 1( ( / ) ) ( / ) (2)

Plugging equation (2) into equation (1),

L P P dy dx dxi i
i

n

i i i
i

n
ª = +-

= =
Â Â1

1

2

1

1 ( / )

Taking the limit as the dx dyi i, Æ 0  the approximation becomes exact, and we can write:

 L dy dx dx dy dx dx
n

dx dy

i i i
i

n

x

x

i i

n= + = +
Æ•

Æ =
Â Úlim ( / ) ( / )

,
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1
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THEOREM Arc Length of a function of x. If a curve can be written as a function
y f x= ( )  then the length of the curve from x a=  to x b=  is

L dy dx dx f x dx
a

b

a

b
= + = + ¢Ú Ú1 12 2( / ) ( ( )) (a)

THEOREM. Arc Length of a function of y. If a curve can be written as a function of y,
x g y= ( ), then the length of the curve from y C=  to y D=  is

L dx dy dy g y dy
C

D

C

D
= + = + ¢Ú Ú1 12 2( / ) ( ( )) (b)

Example 1. Find the length of the curve y x= sin  on the interval [ , ]0 2p

From equation (a) above,

L D x dx xdxx= + = +Ú Ú1 12
0

2 2
0

2
( (sin )) cos

p p

At the present we do not know how to evaluate this integral.

Exampl 2. Find the length of the curve y x= -( )/ /4 2 3 3 2 between x=1 and x=8.

From equation (a),

L dy dx dx= +Ú 1 2
1

8
( / )

Differentiating,
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dy

dx
D y D x x D x

x x
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Therefore the length of the curve is

L
x

x
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Applying the square to the quantity in the parenthesis,

L
x

x
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Example 3. Find the length of the curve y
x

x
=

+15

30

8

3  from x=1 to x=3

We want to apply the formula

L dy dx dx= +Ú 1 2
1

3
( / )

to this curve, so we need to find dy/dx. There are (at least) two ways to find the
derivative.

Method 1 to find dy/dx. Simplify the function first, using

y
x

x x

x

x x

x
x x=

+
= + = + = +-15
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30 30

1
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1
2
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The derivative is then

¢= - + = - +-y x x
x

x1
2

3
1
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5

3

2 6
4 4

4

4
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To simplify the derivative we put it over a common denominator:

¢= - + = - + =
-

y
x

x

x

x x

x

x

x

3

2 6
3

2

3
3 6

9
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4

4
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8
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Method 2 to find dy/dx. Use the quotient rule



Math 150B � Spring 2002 � B. Shapiro Page 6.30 California State University, Northridge
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In either case we found that
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Therefore the arc length is

L dy dx dx x x dx
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Example 4. Find the length of the curve y x x= +( ) / ( )4 3 6  between x=1 and x=3

From equation (a), L dy dx dx= +Ú 1 2
1

3
( / )

Differentiating
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Therefore the length of the curve is

L x x dx x x x x dx= + -( ) = + - +- - -Ú Ú1 1 2 1
1
4

22 2 2

1

3 4 2 2 4
1

3
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Distributing the 1/4 into the quantity in parenthesis,

L
x x
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Taking the 1/4 out of the square root and factoring the quantity in parenthesis,

L x x dx x x dx= + = +- -Ú Ú
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Evaluating the integrals,
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È
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Example 5. Find the length of the curve u du
x 3

1
1-Ú  on the interval 1 2£ £x

Differentiating,

¢= - = -Úy
d

dx
u du x

x 3
1

31 1

Therefore

L y dx x dx x dx

x dx x dx
x

= + ¢ = + - = + -

= = = = -

Ú Ú Ú

Ú Ú
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2
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2
1

2 3 2
1

2 3
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/
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Since 2 2 32 16 2 4 25 2 5 1 2/ /
= ( ) = = ¥ = ,

L = -
2
5

4 2 1( )
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ARC LENGTH OF PARAMETERIZED CURVES

Now let us return to the expressions (1) and (1a) on the first page of the notes for this
section:

 L P Pi i
i

n
ª -

=
Â 1

1

(1)

P P dx dyi i i i- = +1
2 2 (1a)

Substituting (1a) into (1) gives

L dx dyi i
i

n
ª +

=
Â 2 2

1

(2)

If t is any other variable, we can insert the quantity dt dti i/  into the sum,

L
dt

dt
dx dyi

i
i i

i

n
ª +

=
Â 2 2

1

Bringing the dti  in the denominator into the square root,

L dt dx dt dy dti i i i i
i

n
ª +

=
Â 2 2 2 2

1

/ /

If we now take the limit as dx dy dti i i, , Æ 0 then

L
dx

dt

dy

dt
dt

t

tn= Ê
Ë

ˆ
¯

+ Ê
Ë

ˆ
¯Ú

2 2

0

DEFINITION. Suppose that the curve can represented by two functions x t( ) and y t( )  so
that any point on the curve has coordinates

( , ) ( ( ), ( ))x y x t y t=

and that

P x y x t y t0 0 0 0 0= =( , ) ( ( ), ( ))

P x y x t y tn n n n n= =( , ) ( ( ), ( ))

Then the functions x t( ) and y t( )  are called a parameterization of the curve.

THEOREM. Let x t( ) and y t( )  be a parameterization of a curve on some interval
t t tn0 £ £ . Then the length of the curve is

L x t y t dt
t

tn= ¢ + ¢Ú ( ( )) ( ( ))2 2

0
(3)

where the prime indicates differentiation with respect to t.
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Example 6. The functions

x t r t y t r t t( ) cos ,  ( ) sin ,  = = £ <0 2p

where r is a constant, provide a parameterization of a circle of radius r. Therefore the
circumference of the circle is

L D r t D r t dt

r t r t dt

r t r tdt

r t t dt

rdt

rt r

t t= +

= - +

= +

= +

=

= =

Ú

Ú

Ú

Ú

Ú

( ( cos )) ( ( sin ))

( sin ) ( cos )

sin cos

(sin cos )

2 2
0

2

2 2
0

2

2 2 2 2
0

2

2 2 2
0

2

0

2

0
2 2

p

p

p

p

p

p p

Example 7. Find the length of the curve parameterized by x t= -5 2 2sin ,
y t= -5 2 3cos  on the interval 0 4£ £t p /

From equation (3) above, L x t y t dt= ¢ + ¢Ú ( ( )) ( ( ))
/ 2 2

0

4p

Differentiating,

¢= - =

¢= - = -

x D t t

y D t t

t

t

( sin ) cos

( cos ) sin

5 2 2 2 5 2

5 2 3 2 5 2

( ) ( ) ( cos ) ( sin )

( )(cos sin )

¢ + ¢ = + -

= +

=

x y t t

t t

2 2 2 2

2 2

2 5 2 2 5 2

4 5 2 2

20

and therefore

L dt= = Ê
Ë

ˆ
¯

=Ú 20 20
4

5
0

4p p
p

/

DEFINITION. The differential of arc length is an infinitesimal length of a curve ds
given by

ds dx dy2 2 2= +
or equivalently

ds dy dx dx dx dy dy dx dt dy dt dt= + = + = +1 12 2 2 2( / ) ( / ) ( / ) ( / )
and therefore the length of a curve is

L ds
L

= Ú0
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Example 8. Find the length of the curve parameterized by x t t y t= - = -sin ,  cos1 ,
0 4£ £t p .

Since we need to use the formula ds dx dt dy dt dt= +( / ) ( / )2 2  we calculate the
following two derivatives:

dx

dt

d

dt
t t t

dy

dt

d

dt
t t

= - = -

= - =

( sin ) cos

( cos ) sin

1

1

Therefore

ds t t dt t t tdt t dt

t dt
t
dt

t
dt t dt

= - + = - + + = - +

= - =
-

=
-

=

( cos ) (sin ) cos cos sin cos

( cos )
cos cos

| sin( / ) |

1 1 2 1 2 1

2 1 4
1

2
2

1
2

2 2

2 2 2 2

where we have used the half-angle formula in the last step. Absolute values indicate the
positive square root. Thus

L t dt= Ú 2 2
0

4
| sin( / ) |

p

Let u t du dt t u= = = Þ =/ ;  / ;   2 2 4 2p p  and therefore

L u du u du= =Ú Ú2 2 4
0

2

0

2
| sin( ) | ( ) | sin( ) |

p p

By symmetry, the area under | sin |u  from 0 to 2p  is twice the area under | sin |u  from 0

to p; but on (0,p), the sin function is positive so we can drop the absolute values

L u du u du

udu u

= =

= = - = - - = - - - =

Ú Ú

Ú

4 8

8 8 8 0 8 1 1 16

0

2

0

0 0

| sin( ) | | sin( ) |

sin cos (cos cos ) ( )

p p

p p p



Math 150B � Spring 2002 � B. Shapiro Page 6.35 California State University, Northridge

AREA OF A SURFACE OF REVOLUTION

Suppose that a three dimensional surface is generated by revolving the curve of y f x= ( )
about the x-axis, as illustrated. We can calculate the objects surface area by adding up
small cylinders on its surface:

The cylindrical slab illustrated in the center
of the rotated figure has a radius of f x( )
and a thickness of ds, where ds is the
differential of arc length. The surface area
of the cylinder (the shaded part of the slab)
is

dA radius thickness f x ds= =2 2p p( )( ) ( )

and therefore the surface area of the rotated
object is

A f x ds

f x f x dx

x a

x b

x a

x b

=

= + ¢

=

=

=

=

Ú

Ú

2

2 1 2

p

p

( )

( ) ( )

Example 9. Find the surface area of the surface of revolution generated by revolving the

curve y x= 1 2/  about the x-axis from x=0 to x=4

The differential of arc length is

ds y x
x

= + ¢ = + = +-1 1 1 2 1
1

4
2 1 2 2( ) (( / ) )/

and therefore the surface area is

A x
x

dx= +Ú2 1
1

4
1 2

0

4
p /

Combining the fractions inside the square root,

A x
x

x x
dx x

x

x
dx x

x

x
dx= + =

+
=

+
Ú Ú Ú2

4
4

1
4

2
4 1

4
1
2

2
4 11 2

0

4 1 2
0

4 1 2
0

4
p p p/ / /

Canceling the x1 2/  in the numerator with the x  in the denominator

A x dx= +Úp 4 1
0

4

We can solve this integral by making the substitution u x= +1 4 . Then du dx= 4 , when
x u= =0 1,  , and when x u= =4 17,  . Therefore

A u du
u

= = = -Úp
p p1 2

1

17 3 2

1

17
3 24

4 3 2 6
17 1/

/
/( / )

/
( )

y=f(x)

x=a x=b
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Example 10. Find the area of surface generated by revolving the function y x= 3 / 3
about the x-axis from x=1 to x = 7
Differentiating,

¢= Ê
Ë

ˆ
¯

=y D x xx
1
3

3 2

The differential of arc length is thus

ds y dx x dx x dx= + ¢ = + = +1 1 12 2 2 4( ) ( )

So the area is

A x x dx x x dx= Ê
Ë

ˆ
¯

+ = +Ú Ú2
1
3

1
2
3

13 4
0

7 4 3
0

7
p

p

If we make the substitution

u x du x dx x dx du

x u

x u

= + Þ = Þ =

= Þ =

= Þ = + = + =

1 4 4

0 1

7 1 7 1 7 50

4 3 3

4 2

/

( )

and thus

A u du u du
u

= = = = -Ú Ú
2
3

4
6 6 3 2 9

50 11 2
1

50 1 2
1

50 3 2

1

50
3 2p p p p/ /

/
/( / )

/
( )

Example 11. Find the area of the surface generated by revolving the curve y r x= -2 2 ,
- £ £r x r  about the x-axis. (Note: observe that this curve is the upper half of a circle of
radius r centered at the origin; and therefore the surface of revolution is a sphere of radius
r).
Differentiating,

D y D r x r x D r x r x x

x

r x

x x x= - = - - = - -

=
-

-

- -( ) ( ) ( ) ( ) ( )/ / /2 2 1 2 2 2 1 2 2 2 2 2 1 2

2 2

1
2

1
2

2

Therefore the differential of arc length is

ds y dx
x

r x
dx

x

r x
dx

r x x

r x
dx

r

r x
dx

rdx

r x

= + ¢ = +
-

-

Ê

Ë
Á

ˆ

¯
˜ = +

-
=

- +

-

=
-

=
-

1 1 12
2 2

2 2

2 2

2 2 2

2 2

2

2 2 2 2

( )

The surface area of revolution is

A f x ds r x
rdx

r x
r dx

rx r r r r

x r

x r

r

r

r

r

r
r

= = -
-

=

= = - - =

=-

=

- -

-

Ú Ú Ú2 2 2

2 2 4

2 2
2 2

2

p p p

p p p

( )

( ( ))
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Example 12. The curve parameterized by x t y t t= = £ £,   ,   3 0 1 is revolved about the
x-axis. Find the surface area of the resulting solid.

The differential of surface area is
dA radius dS= 2p ( )( )

where radius is the radius of rotation, which is the distance of the point (x, y) from the x-
axis, which is the value of y

radius y t= = 3

and

dS dx dy dx dt dy dt dt

d

dt
t

d

dt
t dt

t dt t dt

= + = +

= È
ÎÍ

ù
ûú

+ È
ÎÍ

ù
ûú

= + = +

( ) ( ) ( / ) ( / )

( )

2 2 2 2

2
3

2

2 2 41 3 1 9

Therefore

dA radius dS t t dt= = +2 2 1 93 4p p( )( )

The area is

A t t dt t t dt= + = +Ú Ú2 1 9 2 1 93 4
0

1 3 4
0

1
p p

Let

u t du t dt t dt du

t u

t u

= + Þ = Þ =

= Þ =

= Þ =

1 9 36 36

0 1

1 10

4 3 3  /

Then the area integral becomes

A u du u du

u

= =

= = -

= -( ) = -( )

Ú Ú2 36
18

18
1

3 2
2

3 18
10 1

27
1000 1

27
10 10 1

1

10 1 2
1

10

3 2

1

10
3 2

p
p

p p

p p

( / )

/ ( )
( )

/

/ / z


