


Define the ismall distancest
dx; & X;= X

dy; ® yi- yi-1

= (12, 2
BB =~ dxi +dyj (1a)

We can factor the quantity in the square root,

Then

Pk = \/dxiz +dyf :\/dxiz(l +(dy;  dx;)?) :\/1 +(dy; | dx;)? dx; )
Plugging equation (2) into equation (1),
2 pu
L2 AR 1F= A1+ (dy; ] dx;) dx;
i=1 i=1
Taking the limit as the dx;,dy; £ 0 the approximation becomes exact, and we can write:

L= lim A«/1+(dyl/dx) dx; —U’wll +(dy | dx)?dx

nkes ,

THEOREM Arc Length of a function of x. If a curve can be written as a function
y = f(x) then the length of the curve from x =a to x =b is

L= [j«/1+(dy/dx)2dx - jgh F(FUx))2dx @)

THEOREM. Arc Length of a function of y. If a curve can be written as a function ofy,
x = g(y), then the length of the curve from y=C to y =D is

L=+l dyPdy = YL+ dy (b)

Example 1. Find the length of the curve y =sinx on the interval [0,2p]

From equation (a) above,

L= [eju\/l+(D (smx)) dx = U\/l +c0s xdx

At the present we do not know how to evaluate this integral.
2/3
)

Exampl 2. Find the length of the curve y=(4 - x 3/2 petween x=1 and x=8.

From equation (a),

L= [j«/l +(dy/ dx)zdx

Differentiating,

Math 150B — Spring 2002 — B. Shapiro Page 6.28 California State University, Northridge



% = D,y =D, (4- 2332 = 2(4_ W22 (4 (23
X

22(4' X213y12 ¢ 1)%;6- 13

(4- x2/3y1/2
173

Therefore the length of the curve is
E 2/3\1/2~2
L= JH & % I

Applying the square to the quantity in the parenthesis

L=+ " x4 d = 8 a
U 2/3 2/3 2/3 T\

E.2/3

8 23, _ 8zs, BT (2/3 2/3)
= 4 dx= |2 dx =2;4—| =387 -1
liJ . . 1Ux o é2/3“1

=3(64Y3 - 1)= 3(4- )= 9
8

+
Example 3. Find the length of the curve y = 15 é from x=1 to x=3

30x

We want to apply the formula

L= ljw/]- +(dy/ dx)zdx

to this curve, so we need to find dy/dx. There are (at least) two ways to find the
derivative.

Method 1 to find dy/dx. Simplify the function first, using

15448 15 X 1 X0 1 53 1
= an3 an.3 3°5,3 739 5% T
30x 30x° 30x° 2x° 30 2 30
The derivative is then
1, . a4, 1 4 3 x*
C=—(-3)x "+ =(O)x =- —5+ —
y0= 53 5 ©) 2.4 6
To simplify the derivative we put it over a common denominator:
3,2 33 Myt AP0

¢=- —+
PN 243 6 4 it

Method 2 to find dy/dx. Use the quotient rule
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(3ox3)(8x )- (15+ x%)(30)(3x°) _ 240x™° - 1350x°- 90"

(30x°%)2 900x°
_150x™ - 1350x% _150x°(x%- 9) _1%- 9
900x° 150x°(6x*)  6x*
In either case we found that
x°-9
¢=
T 36t
Therefore
8 Ex - 9 le - 18x8+ 81
¢: = =
e aadt 9 = “fed 368
16 1.8 8, 16 1o.8
:>l+(yd)2=1+x 18x8+ 81=36x +x 818x + 81
36x 36x
_ x0 +18x8 +81 _ (x8 + 9)2
3648 3648
(B+9% B+9 B 9 1,4 3 4
=41+ = = = + =—x +=x
(9 36x8 6x*  6x* 6x% 6 2

Therefore the arc length is

3.
8 ~
L= lel+(dy/dx)2dx = @xd' +§x'4—dx
2
1
. 3
E1 5, 3 S BS 1
* “An T 5.3
Eoe) " 29" T, B 2
B3 1 " g1 1~ _1154
"0 233 B0 27 135
Example 4. Find the length of the curve y = (x4 +3) / (6x) between x=1 and x=3

. 3
From equation (a), L = U«/l +(dy/ dx)zdx

Differentiating
dy _d x*+3_aE* 3A_ dEl 3,1 .1

2
1 2 1 2 X 1 1, - 2
=—@)x"+=(-1 =—- —= —(x%- 1/
6()x 5 ("D 27 5.2 5 x%)
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Therefore the length of the curve is

L= lj\/1+((1/2)(x2 ] X-z))zdx _ 3()“%()64 et b

1

Distributing the 1/4 into the quantity in parenthesis,

4 -4
3
L=U\/1+x—-1+x—dx
4 2 4
4 -4
3
:U x_+£+x_dx
4 2 4

Taking the 1/4 out of the square root and factoring the quantity in parenthesis,
3 3,
L= % [ijw/(xz +x72)%dx :% 1L(}2 +x 2)dx

Evaluating the integrals,

3
1E13 1 _1: 1 3__”_ 3 I
BT T 41 215 3 (1) }
1 14
=250-1/3 1/% 1=

Example 5. Find the length of the curve [:j u® - 1du on the interval 1£ x £2
Differentiating,

_d &3 .. _ [3
y¢—deu ldu= vx°- 1

Therefore
L= U«/l+(y<l) dx = |3‘1+( x° - ) dx= 2\‘]’.; x3- 1dx
—lijrdx— @lzd =2

5 (25/2 -1)

5/2

Since 2%/2 = ( ) =32 =416 ¥2 =442,
L:%(4«/§- 1)
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ARC LENGTH OF PARAMETERIZED CURVES

Now let us return to the expressions (1) and (1a) on the first page of the notes for this
section:

n

La AP
i=1

= (12, 2
BB =~ dxi +dyj (1a)

Substituting (1a) into (1) gives

a
L2 AJde?+ dy? )
=1

If tis any other variable, we can insert the quantity d; / dt; into the sum,
n
~ dl‘.
L3 Ad—;«/dxiz+ dy,-2
i=1""

Bringing the d; in the denominator into the square root,

1)

<o

n
L2 Adidi? | di+ ay? | di?
i=1
If we now take the limit as dx;,dy;,dt; /£ 0 then
~ 2 = 2
4 |Edx” Edy”
L= —  + = dt
LJ \/Edt Edr
DEFINITION. Suppose that the curve can represented by two functions x(t) and y(t) so
that any point on the curve has coordinates

(x,y) = (x(#), y(1))

and that
By = (x0,50) = (x(t0), ¥(10))
By = (0, 3,) = (x(2,), ¥(2,))

Then the functions x(t) and y(t) are called a parameterization of the curve.

THEOREM. Let x(t) and y(t) be a parameterization of a curve on some interval
to £t £1,. Then the length of the curve is

L=Qﬂmm%@mﬁm 3)

where the prime indicates differentiation with respect to t.
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Example 6. The functions
x(t) =rcost, y(t) =rsint, 0 £¢ <2p

where r is a constant, provide a parameterization of a circle of radius r. Therefore the
circumference of the circle is

L= [j” J(D,(reost))? +(Dy(rsinn)2dr
= [:]D\/(-rsint)2+ (rCOSt)Zdt
= l:]o\/rz sin® ¢ + 12 cos? tdt
= [jox/rz(sinzﬁcos2 1)dt
2

= [ejordt

= rt|(2)p =2pr

Example 7. Find the length of the curve parameterized by x =+/5sin2z - 2,
y =+/5c0s2f - 4/3 onthe interval 0£ £ p /4

From equation (3) above, L = [ejp/4\/(x<(t))2 +(y((t))2dt

Differentiating,
x¢= D,(+/5sin2z - 2)= 2+/5c0s2r
y¢= D, (+/5¢082¢ - /3)= - 24/55sin 2t
(x0? +(y9? = (2+/5 c0s21)? + (- 2+/55in 21)°
= 4(5)(cos.2 2t +sin? 21)
=20
and therefore

/14 =ole
L= lj 20dt :205%_: 5p

DEFINITION. The differential of arc length is an infinitesimal length of a curve ds
given by

ds® = dx® + dy2
or equivalently

ds = \1+(dy [ dx)2dx =1 +(dx | dy)2dy =+(dx | df)? +(dy | dr)?dt

and therefore the length of a curve is

4
L= [ejds
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Example 8. Find the length of the curve parameterized by x =¢ - sinz, y= 1- cost,
0E£t£4p.

Since we need to use the formula ds = \/(dx / dt)2 +(dy! dt)zdt we calculate the
following two derivatives:

@ _ i(t - sint)= 1- cost
dt
Y _ —(1 cost)= sint
dt
Therefore

ds—\/(l cosr) + (sint) dt—\/l 2cost+ oS> ¢ +sin® tdt =~/1- 2cost+ ldt

=,2(1- cost)dt= 1 €081 —2/1 Costa’t—2|sm(t/2)|dt

where we have used the half-angle formula in the last step. Absolute values indicate the
positive square root. Thus

A
L:%fmgmnznm
Letu=¢/2;, du=dtl2; t =4p = u=2p and therefore
2 2
Lzzgfmmwnamo:40@smwnml

By symmetry, the area under |sinu | from 0 to 2p is twice the area under |sinu | from O
to p; but on (0,p), the sin function is positive so we can drop the absolute values

L=4Gfmm@ndu=8ﬁ&mmndu

= S[jsinudu = -8cosulf = - 8(cosp- cosO¥ - 8(-1 4) 16
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AREA OF A SURFACE OF REVOLUTION

Suppose that a three dimensional surface is generated by revolving the curve of y = f(x)

about the x-axis, as illustrated. We can calculate the objects surface area by adding up
small cylinders on its surface:

A The cylindrical slab illustrated in the center
of the rotated figure has a radius of f(x)
and a thickness of ds, where ds is the
y=f(x) differential of arc length. The surface area
of the cylinder (the shaded part of the slab)
is

dA = 2p(radius)(thickness) = 2pf (x)ds

and therefore the surface area of the rotated
object is

A=2p Lj::f(x)ds

=2p(L fN1+ f4x)Pdn

x=a x=b

Example 9. Find the surface area of the surface of revolution generated by revolving the

curve y = x2 about the x-axis from x=0 to x=4

The differential of arc length is

ds =1+ (02 =1 +(@/ 2 VD)7 = 1L
X

and therefore the surface area is

—omd12 i, 1
A=2p|Jx /1+4xdx

Combining the fractions inside the square root,
A 12 [4x 1 4-1/0 |4x+1 1 4 yoAdx+1
A=2p|J —+—dx =2 |——dx==2 d.
Pl 4x 4xx powl 4x * 2p0x62 Jx *

Canceling the x¥2 in the numerator with the ~/x in the denominator

A
A Zp[ej\/4x +1dx

We can solve this integral by making the substitution u =1+ 4x. Then du = 4dx, when
x=0, u=1and when x =4, u=17. Therefore

17

3/2
Yy
:%(173’ 2 1)

A=p|) a2 (dul 4) =%;‘/—2

1
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Example 10. Find the area of surface generated by revolving the function y = 313
about the x-axis from x=1to0 x =+/7
Differentiating,

y¢=D E:l%:a:xz

The differential of arc length is thus
ds = \/1 +(y<D2dx = \/1 +(x2)2dx 2\/1 +x4dx
So the area is
7
A= ZPJEEXB— +x*dx :2?,0 06\/1 + x4 3ax
If we make the substitution
u=1+x* = du=4x3dx = x3dx=dul 4
x=0=u=1
x=AT=u=1+{7)* =1+7% =50
and thus

4= 2P R0 V2001 my=P P24 PMS/ZSO
—?Uu (du )_Elu u=

=P (50%2 -1
63/2) 9

Example 11. Find the area of the surface generated by revolving the curve y = N
-r£ x£ r about the x-axis. (Note: observe that this curve is the upper half of a circle of
radius r centered at the origin; and therefore the surface of revolution is a sphere of radius

r.
Differentiating,

Dy =D, (r? - x2)!/2= %(rz_ K2y Y2p (2 2 %(rz_ 22y V2( 2x)

-X

2.2

Therefore the differential of arc length is

- 2
e~ 2 2_ 2. 2
ds=\/1+(y®2dx:\/1+éﬁ~ dx:\/“ - 2dx=\/r2x—2xdx

2
o

re - x° V2 - x?

The surface area of revolution is
A=r r-[2 2 rdx
A=2p f(x)ds =2p \Jr® - x*———==2pr
U=-r - /r2 _ x2 - r@

=2pral, =2pr(r - € 1) 4pr
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Example 12. The curve parameterized by x =¢, y=¢",

x-axis. Find the surface area of the resulting solid.

The differential of surface area is
dA =2p(radius)(dS)

0 £¢ £1 is revolved about the

where radius is the radius of rotation, which is the distance of the point (x, y) from the x-

axis, which is the value of y

radius =y = £
and
as = \/ (dx)? +(dy)? =\/ (dx | di)? +(dy I dt)? dt
N 2 - 2
:\/,Eiti| + ,Eitsi| dt
Tar tar
= J1+@2)2dr =1 +9r dr
Therefore

dA = 2p(radius)(dS) = 2p31 +9r* dt
The area is

A= l:ppt3\/l+9t4dt =2p ;6\/1 +9¢4 ar

Let
u=1+9* = du=36%t = r3dt = dul 36
t=0=u=1
t=1=u=10
Then the area integral becomes
_ 40 _p 101/
A=2p|J Nu(du | 36) =15 U du
1 30 2
_P 1 32 _ 4P (103/2 -1)z
183/2 . 3(18)
_P _P
= E(«/lOOO -1)= 5(10@ -1)
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