10.2 Infinite Series

DEFINITION. An infinite series is the sum of an infinite sequence,
2:=1ak =a ta+az+---

The n’th partial sum of the series is the sum of the first n terms:

n
Sn: Zak =aq tatay+---t+a, +a,
k=1

DEFINITION. We say the series 2 ay converges to S if the sequence of partial sums
k=1

S1,%2,83,... converges to S, i.e., if lim S, =S, and we write Z ap, =S
n—oo
k=1

If the sequence of partial sums diverges, then we say the series diverges.

PROPERTIES OF SERIES

(1) Z cay = CZ a;, (factor a constant out of the series)
k=1 k=1

) Z (ap +b;)= 2 a + z by, (the series of the sum is the sum of the series)
. o 1
Example 1. Show that the series 2 k=170 converges.

We need to show that the sequence of partial sums converges. Let

1 1 1
Sp=l+—+—+..+—
21 3! n!
Then
s —1+l+l+ +l+ 1 =5, + 1 >
el 203 T () " ()"
Therefore the sequence of partial sums is increasing,
S <8 <s§3 <
Furthermore,
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k1= k(k = D)(k = 2)-+-(3)(2)(1) > ()(2)(Q2)-+-2)(1) =2

o1 1
k=17 k!
NP
1 1 1 1 1 1 1
=5, =l+—+—+.+—< T st gttt oo
2! 3! nl 2 2 2 2"
Sl+l+l+l+-~-+%<2
2 4 8 2=

Therefore s; < sy <s3 <---<s, <2for all n, so by the monotonic sequence theorem, the
sequence of partial sums converges. Therefore the series converges.

Example 2. In the previous example we used the fact that

I 1 1 1

Sy =l+—+—+—+---+ <2
2 4 8

2}’!—1

for all n. How do we know that this is true?
Let us calculate a formula for s,. We have
s1=1 s =§; 53 :z; 54 =§; S5 =2; S6 =@;...
2 4 8 16 32

The pattern appears to be

2"
- 2”-1

Sn

Let us see if we can prove this by induction.

For n=1, the formula gives

P W W O
LN 20 T

which is correct.

n
. . -1 . .
To complete the inductive proof, assume that s,, = Sl and use this to derive

B 2n+l _1 B 2n+1 _l
Sl = o T T

(THE FORMULA WE NEED TO DERIVE)

But since
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L
Syt = +5+Z+§+"'+2n_1 211 n 211

2"—1 1 2 2"-1. 1
BT = WY
2 2 27 9o 2
S ogn T on

which is the formula we need to derive.

Therefore,

2" 1 " 1 1
= — — 2 —

271—1 211—1 2}’1—] 21’1—]

which is what we set out to verify in the beginning of this example.

<2

Sy =

GEOMETRIC SERIES. A geometric series is a series of the form

Z’ark_1 =a+ar+ar® +ar’ +---
k=1

where a#0.

Example 3. The series in the last two examples is a geometric series with a =1 and
r=1/2

THEOREM. SUM OF A GEOMETRIC SERIES. If | rI< 1, a geometric series

converges with
ad - a
Sark =
k=1 -7

while if | r 1> 1 the series diverges. Furthermore, the nth partial sum of the geometric
series is

_ a(l-r")

" 1-r

Proof. Consider the partial sums
s,=a+ar+ar’ +-+ar'"!

Therefore
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Sy =TS, :(a+ar+ar2+~--+arn_1)—r(a+ar+ar2+~--+ar”_1)
—a+ar+ar’ ++ar"”!
—ar—ar® = —ar g
=a—ar"

Factoring s,, on the left hand side of this equation,

1_ n
sn(l—r):cz—arn:>sn=—0l(1 r)
—r

The geometric series converges if the partial sums converges, i.e., if the following limit
exists:

_ n
lim s, = tim “027) 4 i o pmy= 9 {l—limr”}

Nn—>o0 n—>o0 1-r 1-r n—>oo 1-r n—oo

The final limit is O if | 7 I< 1 and is infinite if | 7 I> 1. Therefore the series converges if
| I<1, and the sum is

S= lim s, = — {1—limr”}: a

Example 4. Repeat example 2 using the theorem for the sum of the partial sums of a
geometric series.

We have
i 1
=1 2
which has a=1 and r =1/ 2. Therefore

_ n _ n _ n
_a(—r") _10-01/2)") _1-1/2 2-1/2%=2-1/2"" <2

K = =
" 1—r 1-1/2 1/2
1
Example 5. Find Z =
kl
The sum is
g— a 1 1

I—r 1-1/2 1/2
Example 6. Find Y (7/8)*

k=1

This is a geometric series with a=7/8 and r=7/8. Thus
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S 7/ - /8 _1/8_,
=~ I-r 1-7/8 1/8

THEOREM. THE NTH TERM TEST FOR DIVERGENCE.

(1) If the series 2 ay converges, then ILm a, =0.
k=1 =

(2) If lim a;, #0, then the series 2 ay diverges
n—oo
k=1

IMPORTANT WARNING: THE THEOREM DOES NOT SAY THAT IF

lim a; =0 THEN Z a, CONVERGES. In fact, this statement is FALSE, and there
n—>oo =l

are many examples of series that diverge whose terms converge.

(e o]

4
Example 7. Show that Z k+3k

——— diverges
25k +17

. k43K 1
lim g = lim ———=_
k—>o0 k—oo 5k™ +17 5

Therefore the series diverges.

COLLAPSING SERIES.

Example 8. Show that § = 2 ! converges and find its sum.

S+ Tk+12
Observe that by partial fractions
| | A B A(k+4)+B(k+3)
Tk 12 k4Dk+4) k+3 k+d  (k+3)k+d)

Equating the numerators,
1=A(k+4)+ B(k+3)

Setting k =-3 gives A=1

Setting k =—4 gives B=-1

Therefore
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2k2+7k+12 Z(m‘m)

k=
The nth partial sum is

n
Z(M‘m

k=
(a5 )
+
1+3 1+4 2+3 2+4
e e Frd i v eerd
+ - —
n— 1+3 n—-1+4 n+3 n+4
) M et o) B ey
=l ——=|+|=—=|+| === |+ + —— |+ -
4 5 5 6 6 5 n+2 n3 n+3 n+4
_bo 1
4 n+4
Therefore
S= limSnzlim(l— ! )zl

Example 9. Determine 2 ln(l - k%)
k=2

Rewrite the logarithm as

2_ —_— —_—
1n(1—i2]_1nk 21:ln(k Dk+D _ k=1 k+]
k k (k)(k) k k

Then

]gln(l—k%):lg(l %H ﬂ) il il k“

Consider only the first sum in the last expression of equation (1), 2 In
k=2

k—1

If we make the change of variables

j=k-1
then
k=1_ J
k j+1
Furthermore,
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k=2=j=2-1=1
k:ooij:oo—l:oo

Therefore
DAL of PR
ot k i j+1
=ln—+ ln‘L
+1 > j+1
=ln—+ ln.L
= Jj+1
=2+ Y In—L-
) j+1
Now make the substitution j = k in the last step on the right only:
<, k-1
Zln =—In 2+Zln—:—ln2+ Zln— )
j=2

From equation (1),

(o]

ZIn(l——) ilnk ! 21 k“ 3)

Replacing the first sum in the right hand side of equation (3) with the right hand side of
equation (2) we have

3 In 1—L ——1n2+ ln
k2
k=2

We can now combine the two sums on the right hand side of equation (4) and then appy
the laws of logarithms:

zln(l—%)=—ln2+z(ln £ i ﬂ)
k=2 k i Kkt k
:—1n2+21n(Lxﬂ)

PV TN

+Zl hed @)

=—In2+ ) Inl
k=2

=-In2+ ) 0=-In2
k=2
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